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WEIGHTED MORREY SPACES RELATED TO
SCHRO¨DINGER OPERATORS WITH POTENTIALS
SATISFYING A REVERSE HO¨LDER INEQUALITY AND
FRACTIONAL INTEGRALS
HUA WANG
Abstract. Let L = −∆+ V be a Schro¨dinger operator on Rd, d ≥ 3,
where ∆ is the Laplacian operator on Rd and the nonnegative poten-
tial V belongs to the reverse Ho¨lder class RHs for s ≥ d/2. For given
0 < α < d, the fractional integrals associated to the Schro¨dinger oper-
ator L is defined by Iα = L−α/2.Suppose that b is a locally integrable
function on Rd, the commutator generated by b and Iα is defined by
[b, Iα]f(x) = b(x) · Iαf(x)−Iα(bf)(x). In this paper, we first introduce
some kinds of weighted Morrey spaces related to certain nonnegative
potentials belonging to the reverse Ho¨lder class RHs for s ≥ d/2. Then
we will establish the boundedness properties of the fractional integrals
Iα on these new spaces. Furthermore, weighted strong-type estimate for
the corresponding commutator [b, Iα] in the framework of Morrey spaces
is also obtained. The classes of weights, the classes of symbol functions
as well as weighted Morrey spaces discussed in this paper are larger than
Ap,q, BMO(R
d) and Lp,κ(µ, ν) corresponding to the classical case (that
is V ≡ 0).
1. Introduction
1.1. The critical radius function ρ(x). Let d ≥ 3 be a positive integer
and Rd be the d-dimensional Euclidean space, and let V : Rd → R, d ≥ 3,
be a nonnegative locally integrable function that belongs to the reverse
Ho¨lder class RHs for some exponent 1 < s <∞; i.e., there exists a positive
constant C > 0 such that the following reverse Ho¨lder inequality(
1
|B|
∫
B
V (y)s dy
)1/s
≤ C
(
1
|B|
∫
B
V (y) dy
)
holds for every ball B in Rd. For given V ∈ RHs with s ≥ d/2, we introduce
the critical radius function ρ(x) = ρ(x;V ) which is given by
(1.1) ρ(x) := sup
{
r > 0 :
1
rd−2
∫
B(x,r)
V (y) dy ≤ 1
}
, x ∈ Rd,
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where B(x, r) denotes the open ball centered at x and with radius r. It
is well known that this auxiliary function satisfies 0 < ρ(x) < ∞ for any
x ∈ Rd under the above condition on V (see [14]). We need the following
known result concerning the critical radius function (1.1).
Lemma 1.1 ([14]). If V ∈ RHs with s ≥ d/2, then there exist two constants
C0 ≥ 1 and N0 > 0 such that for all x and y in Rd,
(1.2)
1
C0
(
1 +
|x− y|
ρ(x)
)−N0
≤ ρ(y)
ρ(x)
≤ C0
(
1 +
|x− y|
ρ(x)
) N0
N0+1
.
As a straightforward consequence of (1.2), we can see that for each integer
k ≥ 1, the following estimate
(1.3) 1 +
2kr
ρ(y)
≥ 1
C0
(
1 +
r
ρ(x)
)− N0
N0+1
(
1 +
2kr
ρ(x)
)
is valid for any y ∈ B(x, r) with x ∈ Rd and r > 0, C0 is defined in (1.2).
1.2. Fractional integrals associated to Schro¨dinger operators. Let
V ∈ RHs for s ≥ d/2. For such a potential V , we consider the Schro¨dinger
differential operator on Rd, d ≥ 3,
L := −∆+ V,
and its associated semigroup
Ttf(x) := e−tLf(x) =
∫
Rd
pt(x, y)f(y) dy, t > 0,
where pt(x, y) denotes the kernel of the operator e
−tL, t > 0. From the
Feynman-Kac formula, it is well-known that
(1.4)
∣∣pt(x, y)∣∣ ≤ ht(x− y), t > 0,
where ht is the classical heat kernel; i.e.,
ht(x− y) := (4πt)−d/2 exp
(
− |x− y|
2
4t
)
.
Moreover, this estimate (1.4) can be improved when V belongs to the reverse
Ho¨lder class RHs for some s ≥ d/2 (see [1] and [7], for instance). The
auxiliary function ρ(x) arises naturally in this context.
Proposition 1.2. Let V ∈ RHs with s ≥ d/2. For every positive integer
N ≥ 1, there exists a positive constant CN > 0 such that for all x and y in
R
d,
∣∣pt(x, y)∣∣ ≤ CN · t−d/2 exp
(
− |x− y|
2
5t
)(
1 +
√
t
ρ(x)
+
√
t
ρ(y)
)−N
, t > 0.
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For given 0 < α < d, the L-Riesz potential or L-Fractional integral
operator is defined by
Iαf(x) := L−α/2f(x)
=
∫ ∞
0
e−tLf(x) tα/2−1dt.
(1.5)
In this work we shall be interested in the behavior of the L-fractional integral
operator Iα = L−α/2.
1.3. Aρ,∞p and A
ρ,∞
p,q weights. A weight will always mean a nonnegative
function which is locally integrable on Rd. Given a Lebesgue measurable
set E and a weight w, |E| will denote the Lebesgue measure of E and
w(E) =
∫
E
w(x) dx.
Given B = B(x0, r) and t > 0, we will write tB for the t-dilate ball, which is
the ball with the same center x0 and radius tr. As in [1] (see also [2, 3]), we
say that a weight w belongs to the class Aρ,θp for 1 < p <∞ and 0 < θ <∞,
if there is a positive constant C > 0 such that for all balls B = B(x0, r) ⊂ Rd
with x0 ∈ Rd and r > 0,(
1
|B|
∫
B
w(x) dx
)1/p(
1
|B|
∫
B
w(x)−p
′/p dx
)1/p′
≤ C ·
(
1 +
r
ρ(x0)
)θ
,
where p′ is the dual exponent of p such that 1/p+ 1/p′ = 1. For p = 1 and
0 < θ < ∞, we also say that a weight w belongs to the class Aρ,θ1 , if there
is a positive constant C > 0 such that for all balls B = B(x0, r) ⊂ Rd with
x0 ∈ Rd and r > 0,
1
|B|
∫
B
w(x) dx ≤ C ·
(
1 +
r
ρ(x0)
)θ
ess inf
x∈B
w(x).
For given 1 ≤ p <∞, we define
Aρ,∞p :=
⋃
θ>0
Aρ,θp .
For any given θ > 0, let us introduce the maximal operator which is given
in terms of the critical radius function (1.1).
Mρ,θf(x) := sup
r>0
(
1 +
r
ρ(x)
)−θ
1
|B(x, r)|
∫
B(x,r)
|f(y)| dy, x ∈ Rd.
Observe that a weight w belongs to the class Aρ,∞1 if and only if there exists
a positive number θ > 0 such that Mρ,θ(w)(x) ≤ Cw(x), for a.e. x ∈ Rd,
where the constant C > 0 is independent of w. Since
(1.6) 1 ≤
(
1 +
r
ρ(x0)
)θ1
≤
(
1 +
r
ρ(x0)
)θ2
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for 0 < θ1 < θ2 <∞, then for given p with 1 ≤ p <∞, one has
Ap ⊂ Aρ,θ1p ⊂ Aρ,θ2p ,
where Ap denotes the classical Muckenhoupt’s class (see [8, Chapter 7]),
and hence Ap ⊂ Aρ,∞p . In addition, for some fixed θ > 0 (see [16]),
Aρ,θ1 ⊂ Aρ,θp1 ⊂ Aρ,θp2 ,
whenever 1 ≤ p1 < p2 <∞. Obviously, for any fixed θ > 0,
(1.7) 1 ≤
(
1 +
2r
ρ(x0)
)θ
≤ 2θ
(
1 +
r
ρ(x0)
)θ
.
To establish weighted norm inequalities for fractional integrals, we need to
introduce another weight class Aρ,∞p,q . As in [16], we say that a weight w
satisfies the condition Aρ,θp,q for 1 < p < q < ∞ and 0 < θ < ∞, if there
exists a positive constant C > 0 such that for any ball B = B(x0, r) ⊂ Rd
with x0 ∈ Rd and r > 0,(
1
|B|
∫
B
w(x)q dx
)1/q(
1
|B|
∫
B
w(x)−p
′
dx
)1/p′
≤ C ·
(
1 +
r
ρ(x0)
)θ
,
where p′ = p/(p− 1). We also say that a weight w satisfies the condition
Aρ,θ1,q for 1 < q <∞ and 0 < θ <∞, if there exists a positive constant C > 0
such that for any ball B = B(x0, r) ⊂ Rd with x0 ∈ Rd and r > 0,(
1
|B|
∫
B
w(x)q dx
)1/q
≤ C ·
(
1 +
r
ρ(x0)
)θ
ess inf
x∈B
w(x).
Similarly, for given p, q with 1 ≤ p < q <∞, by (1.6), one has
Ap,q ⊂ Aρ,θ1p,q ⊂ Aρ,θ2p,q ,
whenever 0 < θ1 < θ2 < ∞. Here Ap,q denotes the classical Muckenhoupt-
Wheeden’s class (see [12]). We also define
Aρ,∞p,q :=
⋃
θ>0
Aρ,θp,q, 1 ≤ p < q <∞.
So we have Ap,q ⊂ Aρ,∞p,q . The following results (Lemmas 1.3–1.6) are exten-
sions of well-known properties of Ap and Ap,q weights. We first present an
important property of the classes of weights in Aρ,θp with 1 ≤ p <∞, which
was given by Bongioanni, Harboure and Salinas in [1, Lemma 5].
Lemma 1.3 ([1]). If w ∈ Aρ,θp with 0 < θ <∞ and 1 ≤ p <∞, then there
exist positive constants ǫ, η > 0 and C > 0 such that
(1.8)
(
1
|B|
∫
B
w(x)1+ǫdx
) 1
1+ǫ
≤ C
(
1
|B|
∫
B
w(x) dx
)(
1 +
r
ρ(x0)
)η
for every ball B = B(x0, r) in R
d.
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As a direct consequence of Lemma 1.3, we have the following result.
Lemma 1.4. If w ∈ Aρ,θp with 0 < θ <∞ and 1 ≤ p <∞, then there exist
two positive numbers δ > 0 and η > 0 such that
(1.9)
w(E)
w(B)
≤ C
( |E|
|B|
)δ (
1 +
r
ρ(x0)
)η
for any measurable subset E of a ball B = B(x0, r), where C > 0 is a
constant which does not depend on E and B.
Proof. For any given ball B = B(x0, r) with x0 ∈ Rd and r > 0, suppose
that E ⊂ B, then by Ho¨lder’s inequality with exponent 1 + ǫ and (1.8), we
can deduce that
w(E) =
∫
B
χE(x) · w(x) dx
≤
(∫
B
w(x)1+ǫdx
) 1
1+ǫ
(∫
B
χE(x)
1+ǫ
ǫ dx
) ǫ
1+ǫ
≤ C|B| 11+ǫ
(
1
|B|
∫
B
w(x) dx
)(
1 +
r
ρ(x0)
)η
|E| ǫ1+ǫ
= C
( |E|
|B|
) ǫ
1+ǫ
(
1 +
r
ρ(x0)
)η
.
This gives (1.9) with δ = ǫ/(1 + ǫ). Here and in the sequel, the characteristic
function of E is denoted by χE . 
In view of Lemma 1.3, we now define the reverse Ho¨lder-type class RHρ,θq
that is given in terms of the critical radius function (1.1). We say that
w ∈ RHρ,θq for some 1 < q < ∞ and 0 < θ < ∞, if there exists a positive
constant C > 0 such that the following reverse Ho¨lder-type inequality(
1
|B|
∫
B
w(x)qdx
)1/q
≤ C
(
1
|B|
∫
B
w(x) dx
)(
1 +
r
ρ(x0)
)θ
holds for every ball B = B(x0, r) in R
d. The class RHρ,∞q is defined as
RHρ,∞q :=
⋃
θ>0
RHρ,θq , 1 < q <∞.
Clearly, one has RHq ⊂ RHρ,∞q .
Let 1 < q < ∞ and Aq1 =
{
w : wq ∈ A1
}
. It is known that for the
classical case (see [10]),
Aq1 = A1 ∩RHq.
Lemma 1.5. If 1 < q < ∞ and 0 < θ < ∞, then wq ∈ Aρ,θ1 implies that
w ∈ Aρ,θ/q1
⋂
RH
ρ,θ/q
q .
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Proof. The conclusion w ∈ Aρ,θ/q1 follows easily by Ho¨lder’s inequality and
the definition of Aρ,θ1 . Indeed, for any given ball B = B(x0, r) with x0 ∈ Rd
and r > 0,
1
|B|
∫
B
w(x) dx ≤
(
1
|B|
∫
B
wq(x) dx
)1/q
≤ C ·
(
1 +
r
ρ(x0)
)θ/q (
ess inf
x∈B
wq(x)
)1/q
= C ·
(
1 +
r
ρ(x0)
)θ/q
ess inf
x∈B
w(x).
On the other hand, fix a ball B = B(x0, r) ⊂ Rd and take y ∈ B. Let E
be a ball centered at y0 and with radius h which contains y. By picking
h small enough so that E ⊂ B, then by the condition wq ∈ Aρ,θ1 , we can
deduce that
1
|B|
∫
B
χE(x) dx ≤ C
wq(B)
· ess inf
x∈B
wq(x)
(∫
B
χE(x) dx
)(
1 +
r
ρ(x0)
)θ
≤ C
wq(B)
(∫
B
χE(x) · wq(x) dx
)(
1 +
r
ρ(x0)
)θ
,
which is equivalent to
wq(B)
|B| ≤ C ·
wq(E)
|E|
(
1 +
r
ρ(x0)
)θ
.
Since this holds for all E ⊂ B and y ∈ E, then by taking h→ 0+ and using
Lebesgue differentiation theorem,
wq(B)
|B| ≤ C · w
q(y)
(
1 +
r
ρ(x0)
)θ
.
Thus, by raising both sides to the power 1/q and integrating over B, we get(
1
|B|
∫
B
w(y)qdy
)1/q
≤ C
(
1
|B|
∫
B
w(y) dy
)(
1 +
r
ρ(x0)
)θ/q
.
This amounts to w ∈ RHρ,θ/qq . 
A subtle interplay between these two classes of weights, Aρ,∞p and A
ρ,∞
p,q ,
is expressed by the following lemma:
Lemma 1.6. Suppose that 1 ≤ p < q <∞. Then the following statements
are true:
• if p > 1 and 0 < θ <∞, then w ∈ Aρ,θp,q implies that wq ∈ A
ρ,θ· 1
1/q+1/p′
t
with t = 1 + q/p′, and w−p
′ ∈ Aρ,θ·
1
1/q+1/p′
t′ with t
′ = 1 + p′/q;
• if p = 1 and 0 < θ <∞, then w ∈ Aρ,θ1,q implies that wq ∈ Aρ,θ·q1 .
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Proof. In fact, when t = 1 + q/p′, then a simple computation shows that
1
t
=
1
q
· 1
1/q + 1/p′
,
1
t′
=
t− 1
t
=
1
p′
· 1
1/q + 1/p′
,
and
q ·
(
− t
′
t
)
= −q · 1
t− 1 = −p
′.
If w ∈ Aρ,θp,q with 1 < p < q <∞ and 0 < θ <∞, then we have(
1
|B|
∫
B
wq(x) dx
)1/t(
1
|B|
∫
B
wq(x)−t
′/t dx
)1/t′
=
[(
1
|B|
∫
B
w(x)q dx
)1/q(
1
|B|
∫
B
w(x)−p
′
dx
)1/p′] 1
1/q+1/p′
≤ C ·
(
1 +
r
ρ(x0)
)θ· 1
1/q+1/p′
,
which means that wq ∈ Aρ,θ·
1
1/q+1/p′
t with t = 1+q/p
′. Here and in the sequel,
for any positive number γ > 0, we denote wγ(x) = w(x)γ by convention.
Analogously, it can be easily shown that w−p
′ ∈ Aρ,θ·
1
1/q+1/p′
t′ with t
′ = 1 +
p′/q. On the other hand, if w ∈ Aρ,θ1,q with 1 < q <∞ and 0 < θ <∞, then
we have
1
|B|
∫
B
wq(x) dx ≤ C ·
(
1 +
r
ρ(x0)
)θ·q (
ess inf
x∈B
w(x)
)q
= C ·
(
1 +
r
ρ(x0)
)θ·q
ess inf
x∈B
wq(x),
which means that wq ∈ Aρ,θ·q1 . 
Given a weight w on Rd, as usual, the weighted Lebesgue space Lp(w)
for 1 ≤ p <∞ is defined to be the set of all functions f such that
∥∥f∥∥
Lp(w)
:=
(∫
Rd
∣∣f(x)∣∣pw(x) dx)1/p <∞.
We also denote by WLp(w) the weighted weak Lebesgue space consisting of
all measurable functions f for which∥∥f∥∥
WLp(w)
:= sup
λ>0
λ ·
[
w
({
x ∈ Rd : |f(x)| > λ})]1/p <∞.
Note that if L = −∆ is the Laplacian on Rd, then L−α/2 is the classical
fractional integral operator Iα = (−∆)−α/2 of order α. Let 0 < α < d
and 1 ≤ p < d/α. Define 1 < q < ∞ by the relation 1/q = 1/p −
α/d. It is well known that when p > 1 and w ∈ Ap,q, Iα is bounded
from Lp(wp) into Lq(wq). When p = 1 and w ∈ A1,q, Iα is bounded from
L1(w) into WLq(wq) (see [12]). Recently, Bongioanni et al. [1, Theorem 4]
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established the weighted boundedness for fractional integral operators Iα
associated to Schro¨dinger operators defined in (1.5). They showed that the
same estimates also hold for weights in the class Aρ,∞p,q , which is larger than
Muckenhoupt-Wheeden’s class (another proof was later given by Tang in
[16, Theorem 3.8]). Their results can be summarized as follows:
Theorem 1.7 ([1]). Let 0 < α < d, 1 < p < d/α, 1/q = 1/p − α/d and
w ∈ Aρ,∞p,q . If V ∈ RHs with s ≥ d/2, then the L-fractional integral operator
Iα is bounded from Lp(wp) into Lq(wq).
Theorem 1.8 ([1]). Let 0 < α < d, p = 1, q = d/(d− α) and w ∈ Aρ,∞1,q . If
V ∈ RHs with s ≥ d/2, then the L-fractional integral operator Iα is bounded
from L1(w) into WLq(wq).
1.4. The space BMOρ,∞(R
d). For a locally integrable function b on Rd
(usually called the symbol), we will also consider the commutator operator
(1.10) [b, Iα]f(x) := b(x) · Iαf(x)− Iα(bf)(x), x ∈ Rd.
Recently, Bongioanni et al. [3] introduced a kind of new spaces BMOρ,∞(R
d)
defined by
BMOρ,∞(R
d) :=
⋃
θ>0
BMOρ,θ(R
d),
where for 0 < θ < ∞ the space BMOρ,θ(Rd) is defined to be the set of all
locally integrable functions b satisfying
(1.11)
1
|B(x0, r)|
∫
B(x0,r)
∣∣b(x)− bB(x0,r)∣∣ dx ≤ C ·
(
1 +
r
ρ(x0)
)θ
,
for all balls B(x0, r) with x0 ∈ Rd and r > 0, bB(x0,r) denotes the mean value
of b on B(x0, r); that is,
bB(x0,r) :=
1
|B(x0, r)|
∫
B(x0,r)
b(y) dy.
A norm for b ∈ BMOρ,θ(Rd), denoted by ‖b‖BMOρ,θ , is given by the infimum
of the constants satisfying (1.11), or equivalently,
‖b‖BMOρ,θ := sup
B(x0,r)
(
1 +
r
ρ(x0)
)−θ (
1
|B(x0, r)|
∫
B(x0,r)
∣∣b(x)− bB(x0,r)∣∣ dx
)
,
where the supremum is taken over all balls B(x0, r) with x0 ∈ Rd and r > 0.
With the above definition in mind, one has
BMO(Rd) ⊂ BMOρ,θ1(Rd) ⊂ BMOρ,θ2(Rd)
for 0 < θ1 < θ2 <∞ by virtue of (1.6), and hence BMO(Rd) ⊂ BMOρ,∞(Rd).
Moreover, the classical BMO space [9] is properly contained in BMOρ,∞(R
d)
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(see [2, 3] for more examples). We need the following key result for the space
BMOρ,θ(R
d), which was proved by Tang in [16, Proposition 4.2].
Proposition 1.9 ([16]). Let b ∈ BMOρ,θ(Rd) with 0 < θ <∞. Then there
exist two positive constants C1 and C2 such that for any given ball B(x0, r)
in Rd and for any λ > 0, we have∣∣{x ∈ B(x0, r) : |b(x)− bB(x0,r)| > λ}∣∣
≤ C1|B(x0, r)| exp
[
−
(
1 +
r
ρ(x0)
)−θ∗
C2λ
‖b‖BMOρ,θ
]
,
(1.12)
where θ∗ = (N0 + 1)θ and N0 is the constant appearing in Lemma 1.1.
As a consequence of Proposition 1.9 and Lemma 1.4, we have the follow-
ing result:
Proposition 1.10. Let b ∈ BMOρ,θ(Rd) with 0 < θ < ∞ and w ∈ Aρ,∞p
with 1 ≤ p <∞. Then there exist positive constants C1, C2 and η > 0 such
that for any given ball B(x0, r) in R
d and for any λ > 0, we have
w
({
x ∈ B(x0, r) : |b(x)− bB(x0,r)| > λ
})
≤ C1w
(
B(x0, r)
)
exp
[
−
(
1 +
r
ρ(x0)
)−θ∗
C2λ
‖b‖BMOρ,θ
](
1 +
r
ρ(x0)
)η
,
(1.13)
where θ∗ = (N0 + 1)θ and N0 is the constant appearing in Lemma 1.1.
Notice that if L = −∆ is the Laplacian operator on Rd, then [b, Iα] is just
the commutator [b, Iα] of the classical fractional integrals. It is well known
that when b ∈ BMO(Rd), the commutator [b, Iα] is bounded from Lp(wp)
(1 < p < d/α) into Lq(wq) whenever 1/q = 1/p − α/d and w ∈ Ap,q.This
corresponds to the norm inequalities satisfied by Iα. In [16, Theorem 4.4],
Tang obtained weighted strong-type estimate for the commutator [b, Iα] of
fractional integrals associated to Schro¨dinger operators, when b in a larger
space than BMO(Rd), that is the space BMOρ,∞(R
d). More precisely, he
gave the following weighted result (see also [6, Theorem 3.5]).
Theorem 1.11 ([16]). Let 0 < α < d, 1 < p < d/α, 1/q = 1/p− α/d and
w ∈ Aρ,∞p,q . If V ∈ RHs with s ≥ d/2, then the commutator operator [b, Iα]
is bounded from Lp(wp) into Lq(wq), whenever b belongs to BMOρ,∞(R
d).
In this paper, firstly, we will define several classes of weighted Morrey
spaces related to certain nonnegative potentials satisfying appropriate re-
verse Ho¨lder inequality. Secondly, we establish weighted boundedness of
fractional integrals Iα associated to L on these new spaces. Finally, we
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also study the continuity property for the commutators [b, Iα] of fractional
integrals with the new BMO functions defined above.
Throughout this paper C denotes a positive constant not necessarily the
same at each occurrence, and a subscript is added when we wish to make
clear its dependence on the parameter in the subscript. We also use a ≈ b to
denote the equivalence of a and b; that is, there exist two positive constants
C1, C2 independent of a, b such that C1a ≤ b ≤ C2a.
2. our main results
In this section, we introduce some types of weighted Morrey spaces re-
lated to the nonnegative potential V and then give our main results.
Definition 2.1. Let 1 ≤ p <∞, 0 ≤ κ < 1 and µ, ν be two weights on Rd.
For given 0 < θ <∞, the weighted Morrey space Lp,κρ,θ(µ, ν) is defined to be
the set of all p-locally integrable functions f on Rd such that
(2.1)
(
1
ν(B)κ
∫
B
∣∣f(x)∣∣pµ(x) dx)1/p ≤ C · (1 + r
ρ(x0)
)θ
for every ball B = B(x0, r) in R
d. A norm for f ∈ Lp,κρ,θ(µ, ν), denoted by
‖f‖Lp,κρ,θ (µ,ν), is given by the infimum of the constants in (2.1), or equivalently,∥∥f∥∥
Lp,κρ,θ (µ,ν)
:= sup
B
(
1 +
r
ρ(x0)
)−θ (
1
ν(B)κ
∫
B
∣∣f(x)∣∣pµ(x) dx)1/p <∞,
where the supremum is taken over all balls B in Rd, x0 and r denote the
center and radius of B respectively. Define
Lp,κρ,∞(µ, ν) :=
⋃
θ>0
Lp,κρ,θ(µ, ν).
If µ = ν = w, then we denote Lp,κρ,θ(w) and L
p,κ
ρ,∞(w) for simplicity.
Note that this definition does not coincide with the one given in [13] (see
also [17] for the unweighted case), but in view of the space BMOρ,∞(R
d) and
the class Aρ,∞p,q defined above it is more natural in our setting. Obviously, if
we take θ = 0 or V ≡ 0, then this new space is just the familiar weighted
Morrey space Lp,κ(µ, ν) (or Lp,κ(w)), which was first introduced by Komori
and Shirai in [11] (see also [18]).
Definition 2.2. Let 1 ≤ p <∞, 0 ≤ κ < 1 and w be a weight on Rd. For
given 0 < θ < ∞, the weighted weak Morrey space WLp,κρ,θ(w) is defined to
be the set of all measurable functions f on Rd such that
1
w(B)κ/p
sup
λ>0
λ ·
[
w
({
x ∈ B : |f(x)| > λ})]1/p ≤ C ·(1 + r
ρ(x0)
)θ
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for every ball B = B(x0, r) in R
d, or equivalently,
∥∥f∥∥
WLp,κρ,θ (w)
:= sup
B
(
1 +
r
ρ(x0)
)−θ
1
w(B)κ/p
sup
λ>0
λ·
[
w
({
x ∈ B : |f(x)| > λ})]1/p <∞.
Correspondingly, we define
WLp,κρ,∞(w) :=
⋃
θ>0
WLp,κρ,θ(w).
Clearly, if we take θ = 0 or V ≡ 0, then this space is just the weighted
weak Morrey space WLp,κ(w) (see [19]). According to the above definitions,
one has {
Lp,κ(µ, ν) ⊂ Lp,κρ,θ1(µ, ν) ⊂ Lp,κρ,θ2(µ, ν);
WLp,κ(w) ⊂WLp,κρ,θ1(w) ⊂WLp,κρ,θ2(w).
for 0 < θ1 < θ2 <∞. Hence Lp,κ(µ, ν) ⊂ Lp,κρ,∞(µ, ν) (in particular Lp,κ(w) ⊂
Lp,κρ,∞(w)) and WL
p,κ(w) ⊂WLp,κρ,∞(w) for (p, κ) ∈ [1,∞)× [0, 1).
The space Lp,κρ,θ(w) (or WL
p,κ
ρ,θ(w)) could be viewed as an extension of
weighted (or weak) Lebesgue space (when κ = θ = 0). Naturally, one may
ask the question whether the above conclusions (i.e., Theorems 1.7 and 1.8
as well as Theorem 1.11) still hold if replacing the weighted Lebesgue spaces
by the weighted Morrey spaces. In this work, we give a positive answer to
this question. We now state our main results as follows.
For weighted strong-type and weak-type estimates of fractional integrals
associated to L on Lp,κρ,∞(wp, wq), where w belongs to the new classes of
weights, we have
Theorem 2.3. Let 0 < α < d, 1 < p < d/α, 1/q = 1/p − α/d and
w ∈ Aρ,∞p,q . If V ∈ RHs with s ≥ d/2 and 0 < κ < p/q, then the L-fractional
integral operator Iα is bounded from Lp,κρ,∞(wp, wq) into Lq,(κq)/pρ,∞ (wq).
Theorem 2.4. Let 0 < α < d, p = 1, q = d/(d− α) and w ∈ Aρ,∞1,q . If
V ∈ RHs with s ≥ d/2 and 0 < κ < 1/q, then the L-fractional integral
operator Iα is bounded from L1,κρ,∞(w,wq) into WLq,(κq)ρ,∞ (wq).
Concerning the continuity property of the commutators [b, Iα] in the
setting of weighted Morrey spaces, where b is in the new BMO-type space,
we have
Theorem 2.5. Let 0 < α < d, 1 < p < d/α, 1/q = 1/p − α/d and
w ∈ Aρ,∞p,q . If V ∈ RHs with s ≥ d/2 and 0 < κ < p/q , then the commutator
operator [b, Iα] is bounded from Lp,κρ,∞(wp, wq) into Lq,(κq)/pρ,∞ (wq), whenever
b ∈ BMOρ,∞(Rd).
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Moreover, for the extreme case κ = p/q of Theorem 2.3, we will show that
the fractional integrals associated to L maps Lp,κρ,∞(wp, wq) continuously into
the new space BMOρ,∞(R
d). This result may be regarded as a supplement
of Theorem 2.3.
Theorem 2.6. Let 0 < α < d, 1 < p < d/α, 1/q = 1/p − α/d and
w ∈ Aρ,∞p,q . If V ∈ RHs with s ≥ d/2 and κ = p/q, then the L-fractional
integral operator Iα is bounded from Lp,κρ,∞(wp, wq) into BMOρ,∞(Rd).
Remark 2.7. It is worth pointing out that in the classical case when V ≡ 0,
Theorems 2.3, 2.4 and 2.5 have been proved by Komori and Shirai in [11],
while Theorem 2.6 has been shown by the author in [20].
3. Proofs of Theorems 2.3 and 2.4
In this section, we will prove the conclusions of Theorems 2.3 and 2.4.
Let us remind that the L-Fractional integral operator of order α ∈ (0, d)
can be written as
Iαf(x) = L−α/2f(x) =
∫ ∞
0
e−tLf(x) tα/2−1dt
=
∫
Rd
[ ∫ ∞
0
pt(x, y) t
α/2−1dt
]
f(y) dy.
The kernel of the fractional integral operator Iα will be denoted by Kα(x, y).
Then (see [5, 4])
Kα(x, y) =
∫ ∞
0
pt(x, y) t
α/2−1dt,
and
Iαf(x) =
∫
Rd
Kα(x, y)f(y) dy.
The following lemma plays a key role in the proof of our main theorems,
which can be found in [5, Proposition 8] (see also [16, Lemma 3.7]).
Lemma 3.1 ([5]). Let V ∈ RHs with s ≥ d/2 and 0 < α < d. For every
positive integer N ≥ 1, there exists a positive constant CN > 0 such that
for all x and y in Rd,
∣∣Kα(x, y)∣∣ ≤ CN
(
1 +
|x− y|
ρ(x)
)−N
1
|x− y|d−α .
Proof of Theorem 2.3. By definition, we only have to show that for any
given ball B = B(x0, r) of R
d, there is some ϑ > 0 such that
(3.1)
(
1
wq(B)κq/p
∫
B
∣∣Iαf(x)∣∣qwq(x) dx
)1/q
≤ C ·
(
1 +
r
ρ(x0)
)ϑ
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holds for any f ∈ Lp,κρ,∞(wp, wq) with 1 < p < q < ∞ and 0 < κ < p/q.
Suppose that f ∈ Lp,κρ,θ(wp, wq) for some θ > 0 and w ∈ Aρ,θ
′
p,q for some
θ′ > 0. We decompose the function f as

f = f1 + f2 ∈ Lp,κρ,θ(wp, wq);
f1 = f · χ2B;
f2 = f · χ(2B)c ,
where 2B is the ball centered at x0 of radius 2r > 0, and χ2B is the charac-
teristic function of 2B. Then by the linearity of Iα, we write(
1
wq(B)κq/p
∫
B
∣∣Iαf(x)∣∣qwq(x) dx
)1/q
≤
(
1
wq(B)κq/p
∫
B
∣∣Iαf1(x)∣∣qwq(x) dx
)1/q
+
(
1
wq(B)κq/p
∫
B
∣∣Iαf2(x)∣∣qwq(x) dx
)1/q
:= I1 + I2.
We now analyze each term separately. By Theorem 1.7, we get
I1 =
(
1
wq(B)κq/p
∫
B
∣∣Iαf1(x)∣∣qwq(x) dx
)1/q
≤ C · 1
wq(B)κ/p
(∫
Rd
∣∣f1(x)∣∣pwp(x) dx
)1/p
= C · 1
wq(B)κ/p
(∫
2B
∣∣f(x)∣∣pwp(x) dx)1/p
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(2B)κ/p
wq(B)κ/p
·
(
1 +
2r
ρ(x0)
)θ
.
Since w ∈ Aρ,θ′p,q with 1 < p < q < ∞ and 0 < θ′ < ∞, then we know
that wq ∈ Aρ,θ
′· 1
1/q+1/p′
t with t = 1 + q/p
′ according to Lemma 1.6. Now we
claim that for every weight v ∈ Aρ,τt and every ball B in Rd, there exists a
dimensional constant C > 0 independent of v and B such that
(3.2) v
(
2B(x0, r)
) ≤ C · (1 + 2r
ρ(x0)
)tτ
v
(
B(x0, r)
)
.
In fact, for 1 < t <∞, by Ho¨lder’s inequality and the definition of Aρ,τt , we
have
1
|2B|
∫
2B
∣∣~(x)∣∣ dx = 1|2B|
∫
2B
∣∣~(x)∣∣v(x)1/tv(x)−1/t dx
≤ 1|2B|
(∫
2B
∣∣~(x)∣∣tv(x) dx)1/t(∫
2B
v(x)−t
′/t dx
)1/t′
≤ Cv
v(2B)1/t
(∫
2B
∣∣~(x)∣∣tv(x) dx)1/t(1 + 2r
ρ(x0)
)τ
.
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If we take ~(x) = χB(x), then the above expression becomes
(3.3)
|B|
|2B| ≤ Cv ·
v(B)1/t
v(2B)1/t
(
1 +
2r
ρ(x0)
)τ
,
which in turn implies (3.2). Also observe that
tθ′ · 1
1/q + 1/p′
=
(
1 + q/p′
)
θ′ · 1
1/q + 1/p′
= qθ′.
Therefore, in view of (3.2) and (1.7),
I1 ≤ Cw
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
·
(
1 +
2r
ρ(x0)
)(qθ′)·(κ/p)
·
(
1 +
2r
ρ(x0)
)θ
= Cw
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
·
(
1 +
2r
ρ(x0)
)ϑ′
≤ C ·
(
1 +
r
ρ(x0)
)ϑ′
,
where ϑ′ := (qθ′κ)/p + θ. For the other term I2, notice that for any x ∈ B
and y ∈ (2B)c, one has |x− y| ≈ |x0 − y|. It then follows from Lemma 3.1
that for any x ∈ B(x0, r) and any positive integer N ,
∣∣Iαf2(x)∣∣ ≤
∫
(2B)c
|Kα(x, y)| · |f(y)| dy
≤ CN
∫
(2B)c
(
1 +
|x− y|
ρ(x)
)−N
1
|x− y|d−α · |f(y)| dy
≤ CN,d
∫
(2B)c
(
1 +
|x0 − y|
ρ(x)
)−N
1
|x0 − y|d−α · |f(y)| dy
= CN,d
∞∑
k=1
∫
2k+1B\2kB
(
1 +
|x0 − y|
ρ(x)
)−N
1
|x0 − y|d−α · |f(y)| dy
≤ CN,d
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B\2kB
(
1 +
2kr
ρ(x)
)−N
|f(y)| dy.
(3.4)
In view of (1.3) in Lemma 1.1 and (1.7), we further obtain
∣∣Iαf2(x)∣∣ ≤ C ∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2kr
ρ(x0)
)−N
|f(y)| dy
≤ C
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
|f(y)| dy.
(3.5)
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We consider each term in the sum of (3.5) separately. By using Ho¨lder’s
inequality and Aρ,θ
′
p,q condition on w, we obtain that for each k ≥ 1,
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣f(y)∣∣dy
≤ 1|2k+1B|1−(α/d)
(∫
2k+1B
∣∣f(y)∣∣pwp(y) dy)1/p(∫
2k+1B
w(y)−p
′
dy
)1/p′
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(2k+1B)κ/p
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ (
1 +
2k+1r
ρ(x0)
)θ′
.
Hence,
I2 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(B)1/q
wq(B)κ/p
∞∑
k=1
wq(2k+1B)κ/p
wq(2k+1B)1/q
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′
= C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
wq(B)1/q−κ/p
wq(2k+1B)1/q−κ/p
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′
.
Recall that wq ∈ Aρ,θ
′· 1
1/q+1/p′
t with t = 1 + q/p
′ and 0 < θ′ <∞, then there
exist two positive numbers δ, η > 0 such that (1.9) holds. This allows us to
obtain
I2 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
( |B|
|2k+1B|
)δ(1/q−κ/p)
×
(
1 +
2k+1r
ρ(x0)
)η(1/q−κ/p)(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′
= C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
( |B|
|2k+1B|
)δ(1/q−κ/p)(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′+η(1/q−κ/p)
.
Thus, by choosing N large enough so that N > θ + θ′ + η(1/q − κ/p), and
the last series is convergent, we then have
I2 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
( |B|
|2k+1B|
)δ(1/q−κ/p)
≤ C
(
1 +
r
ρ(x0)
)N · N0
N0+1
,
where the last inequality follows from the fact that 1/q−κ/p > 0. Summing
up the above estimates for I1 and I2 and letting ϑ = max
{
ϑ′, N · N0
N0+1
}
, we
obtain our desired inequality (3.1). This completes the proof of Theorem
2.3. 
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Proof of Theorem 2.4. To prove Theorem 2.4, by definition, it suffices to
prove that for each given ball B = B(x0, r) of R
d, there is some ϑ > 0 such
that
(3.6)
1
wq(B)κ
sup
λ>0
λ ·
[
wq
({
x ∈ B : |Iαf(x)| > λ
})]1/q ≤ C ·(1 + r
ρ(x0)
)ϑ
holds for any f ∈ L1,κρ,∞(w,wq) with 1 < q < ∞ and 0 < κ < 1/q. Now
suppose that f ∈ L1,κρ,θ(w,wq) for some θ > 0 and w ∈ Aρ,θ
′
1,q for some θ
′ > 0.
We decompose the function f as

f = f1 + f2 ∈ L1,κρ,θ(w,wq);
f1 = f · χ2B;
f2 = f · χ(2B)c .
Then for any given λ > 0, by the linearity of Iα, we can write
1
wq(B)κ
λ ·
[
wq
({
x ∈ B : |Iαf(x)| > λ
})]1/q
≤ 1
wq(B)κ
λ ·
[
wq
({
x ∈ B : |Iαf1(x)| > λ/2
})]1/q
+
1
wq(B)κ
λ ·
[
wq
({
x ∈ B : |Iαf2(x)| > λ/2
})]1/q
:= I ′1 + I
′
2.
We first give the estimate for the term I ′1. By Theorem 1.8, we get
I ′1 =
1
wq(B)κ
λ ·
[
wq
({
x ∈ B : |Iαf1(x)| > λ/2
})]1/q
≤ C · 1
wq(B)κ
(∫
Rd
∣∣f1(x)∣∣w(x) dx
)
= C · 1
wq(B)κ
(∫
2B
∣∣f(x)∣∣w(x) dx)
≤ C∥∥f∥∥
L1,κρ,θ (w,w
q)
· w
q(2B)κ
wq(B)κ
·
(
1 +
2r
ρ(x0)
)θ
.
Since w ∈ Aρ,θ′1,q with 1 < q < ∞ and 0 < θ′ < ∞, then we know that
wq ∈ Aρ,θ′·q1 according to Lemma 1.6. We now claim that there exists a
dimensional constant C > 0 independent of v and B such that for every
weight v ∈ Aρ,τ1 and every ball B in Rd,
(3.7) v
(
2B(x0, r)
) ≤ C · (1 + 2r
ρ(x0)
)τ
v
(
B(x0, r)
)
.
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Similar to the proof of (3.2), by the definition of Aρ,τ1 , we can deduce that
1
|2B|
∫
2B
∣∣~(x)∣∣ dx ≤ Cv
v(2B)
· ess inf
x∈2B
v(x)
(∫
2B
∣∣~(x)∣∣ dx)(1 + 2r
ρ(x0)
)τ
≤ Cv
v(2B)
(∫
2B
∣∣~(x)∣∣v(x) dx)(1 + 2r
ρ(x0)
)τ
.
If we choose ~(x) = χB(x), then the above expression becomes
(3.8)
|B|
|2B| ≤ Cv ·
v(B)
v(2B)
(
1 +
2r
ρ(x0)
)τ
,
which in turn implies (3.7). Therefore, in view of (3.7) and (1.7),
I ′1 ≤ C ·
(
1 +
2r
ρ(x0)
)(θ′q)·κ
·
(
1 +
2r
ρ(x0)
)θ
= C ·
(
1 +
2r
ρ(x0)
)ϑ′
≤ C ·
(
1 +
r
ρ(x0)
)ϑ′
,
where ϑ′ := θ′qκ + θ. As for the second term I ′2, by using the pointwise
inequality (3.5) and Chebyshev’s inequality, we deduce that
I ′2 =
1
wq(B)κ
λ ·
[
wq
({
x ∈ B : |Iαf2(x)| > λ/2
})]1/q
≤ 2
wq(B)κ
(∫
B
∣∣Iαf2(x)∣∣qwq(x) dx
)1/q
≤ C · w
q(B)1/q
wq(B)κ
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
|f(y)| dy.
(3.9)
We consider each term in the sum of (3.9) separately. By Lemma 1.5, we
know that w ∈ Aρ,θ′1
⋂
RHρ,θ
′
q because w
q is in Aρ,θ
′·q
1 . Thus, for each k ≥ 1,
we compute
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣f(y)∣∣ dy
≤ Cw · |2
k+1B|α/d
w(2k+1B)
· ess inf
y∈2k+1B
w(y)
(∫
2k+1B
∣∣f(y)∣∣dy)(1 + 2k+1r
ρ(x0)
)θ′
≤ Cw · |2
k+1B|α/d
w(2k+1B)
(∫
2k+1B
∣∣f(y)∣∣w(y) dy)(1 + 2k+1r
ρ(x0)
)θ′
≤ C∥∥f∥∥
L1,κρ,θ (w,w
q)
· |2
k+1B|α/d
w(2k+1B)
wq
(
2k+1B
)κ(
1 +
2k+1r
ρ(x0)
)θ (
1 +
2k+1r
ρ(x0)
)θ′
.
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In addition, by reverse Ho¨lder-type inequality (w ∈ RHρ,θ′q ), we can see that
wq
(
2k+1B
)1/q
=
(∫
2k+1B
wq(y) dy
)1/q
≤ C∣∣2k+1B∣∣1/q ( 1|2k+1B|
∫
2k+1B
w(y) dy
)(
1 +
2k+1r
ρ(x0)
)θ′
.
This indicates that
|2k+1B|α/d
w(2k+1B)
≤ C · 1
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ′
.
Consequently,
I ′2 ≤ C
∥∥f∥∥
L1,κρ,θ (w,w
q)
· w
q(B)1/q
wq(B)κ
∞∑
k=1
wq(2k+1B)κ
wq(2k+1B)1/q
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N+θ+2θ′
= C
∥∥f∥∥
L1,κρ,θ (w,w
q)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
wq(B)1/q−κ
wq(2k+1B)1/q−κ
(
1 +
2k+1r
ρ(x0)
)−N+θ+2θ′
.
Recall that wq ∈ Aρ,θ′·q1 with 0 < θ′ < ∞ and 1 < q < ∞, then there exist
two positive numbers δ′, η′ > 0 such that (1.9) holds. Therefore,
I ′2 ≤ C
∥∥f∥∥
L1,κρ,θ (w,w
q)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
( |B|
|2k+1B|
)δ′(1/q−κ)
×
(
1 +
2k+1r
ρ(x0)
)η′(1/q−κ)(
1 +
2k+1r
ρ(x0)
)−N+θ+2θ′
= C
∥∥f∥∥
L1,κρ,θ (w,w
q)
(
1 +
r
ρ(x0)
)N · N0
N0+1
×
∞∑
k=1
( |B|
|2k+1B|
)δ′(1/q−κ)(
1 +
2k+1r
ρ(x0)
)−N+θ+2θ′+η′(1/q−κ)
.
By selecting N large enough so that N > θ+2θ′+η′(1/q − κ), we thus have
I ′2 ≤ C
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
( |B|
|2k+1B|
)δ′(1/q−κ)
≤ C
(
1 +
r
ρ(x0)
)N · N0
N0+1
,
where the last inequality is due to 0 < κ < 1/q. Let ϑ = max
{
ϑ′, N · N0
N0+1
}
.
Here N is an appropriate constant. Summing up the above estimates for I ′1
and I ′2, and then taking the supremum over all λ > 0, we obtain the desired
inequality (3.6). This finishes the proof of Theorem 2.4. 
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4. Proof of Theorem 2.5
For the result involving commutators of fractional integrals associated
to Schro¨dinger operators, we need the following properties of BMOρ,∞(R
d)
functions, which are extensions of well-known properties of BMO(Rd) func-
tions.
Lemma 4.1. If b ∈ BMOρ,∞(Rd) and w ∈ Aρ,∞p with 1 ≤ p < ∞, then
there exist positive constants C > 0 and µ > 0 such that for every ball
B = B(x0, r) in R
d, we have
(4.1)
(∫
B
∣∣b(x)− bB∣∣pw(x) dx
)1/p
≤ C · w(B)1/p
(
1 +
r
ρ(x0)
)µ
,
where bB =
1
|B|
∫
B
b(y) dy.
Proof. We may assume that b ∈ BMOρ,θ(Rd) with 0 < θ < ∞. According
to Proposition 1.10, we can deduce that(∫
B
∣∣b(x)− bB∣∣pw(x) dx
)1/p
=
(∫ ∞
0
pλp−1w
({
x ∈ B : |b(x)− bB| > λ
})
dλ
)1/p
≤ C1/p1 · w(B)1/p
{∫ ∞
0
pλp−1 exp
[
−
(
1 +
r
ρ(x0)
)−θ∗
C2λ
‖b‖BMOρ,θ
](
1 +
r
ρ(x0)
)η
dλ
}1/p
= C
1/p
1 · w(B)1/p
{∫ ∞
0
pλp−1 exp
[
−
(
1 +
r
ρ(x0)
)−θ∗
C2λ
‖b‖BMOρ,θ
]
dλ
}1/p(
1 +
r
ρ(x0)
)η/p
.
Making change of variables, then we get(∫
B
∣∣b(x)− bB∣∣pw(x) dx
)1/p
≤ C1/p1 · w(B)1/p
(∫ ∞
0
psp−1e−sds
)1/p(‖b‖BMOρ,θ
C2
)(
1 +
r
ρ(x0)
)θ∗ (
1 +
r
ρ(x0)
)η/p
=
[
C1pΓ(p)
]1/p(‖b‖BMOρ,θ
C2
)
· w(B)1/p
(
1 +
r
ρ(x0)
)θ∗+η/p
,
which yields the desired inequality (4.1), if we choose C =
[
C1pΓ(p)
]1/p
C−12 ‖b‖BMOρ,θ
and µ = θ∗ + η/p. 
Lemma 4.2. If b ∈ BMOρ,θ(Rd) with 0 < θ < ∞, then for any positive
integer k, there exists a positive constant C > 0 such that for every ball
B = B(x0, r) in R
d, we have
∣∣b2k+1B − bB∣∣ ≤ C · (k + 1)
(
1 +
2k+1r
ρ(x0)
)θ
.
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Proof. For any positive integer k, we have
∣∣b2k+1B − bB∣∣ ≤ k+1∑
j=1
∣∣b2jB − b2j−1B∣∣
=
k+1∑
j=1
∣∣∣∣ 1|2j−1B|
∫
2j−1B
[
b2jB − b(y)
]
dy
∣∣∣∣
≤
k+1∑
j=1
2d
|2jB|
∫
2jB
∣∣b(y)− b2jB∣∣dy
≤ Cb,d‖b‖BMOρ,θ
k+1∑
j=1
(
1 +
2jr
ρ(x0)
)θ
.
Since for any 1 ≤ j ≤ k + 1, the following estimate
(
1 +
2jr
ρ(x0)
)θ
≤
(
1 +
2k+1r
ρ(x0)
)θ
holds trivially, and hence
∣∣b2k+1B − bB∣∣ ≤ C k+1∑
j=1
(
1 +
2k+1r
ρ(x0)
)θ
= C · (k + 1)
(
1 +
2k+1r
ρ(x0)
)θ
.
This is just our desired conclusion. 
Now, we are ready to prove the main result of this section.
Proof of Theorem 2.5. By definition, we only need to prove that for an ar-
bitrary ball B = B(x0, r) of R
d and 0 < α < d, there is some ϑ > 0 such
that
(4.2)
(
1
wq(B)κq/p
∫
B
∣∣[b, Iα]f(x)∣∣qwq(x) dx
)1/q
≤ C ·
(
1 +
r
ρ(x0)
)ϑ
holds for any f ∈ Lp,κρ,∞(wp, wq) with 1 < p < q < ∞ and 0 < κ < p/q,
whenever b belongs to BMOρ,∞(R
d). Suppose that f ∈ Lp,κρ,θ(wp, wq) for
some θ > 0, w ∈ Aρ,θ′p,q for some θ′ > 0 as well as b ∈ BMOρ,θ′′(Rd) for some
θ′′ > 0. As before, we decompose the function f as

f = f1 + f2 ∈ Lp,κρ,θ(wp, wq);
f1 = f · χ2B;
f2 = f · χ(2B)c .
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Then by the linearity of [b, Iα], we write(
1
wq(B)κq/p
∫
B
∣∣[b, Iα]f(x)∣∣qwq(x) dx
)1/q
≤
(
1
wq(B)κq/p
∫
B
∣∣[b, Iα]f1(x)∣∣qwq(x) dx
)1/q
+
(
1
wq(B)κq/p
∫
B
∣∣[b, Iα]f2(x)∣∣qwq(x) dx
)1/q
:= J1 + J2.
Now we give the estimates for J1, J2, respectively. According to Theorem
1.11, we have
J1 ≤ C · 1
wq(B)κ/p
(∫
Rd
∣∣f1(x)∣∣pwp(x) dx
)1/p
= C · 1
wq(B)κ/p
(∫
2B
∣∣f(x)∣∣pwp(x) dx)1/p
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(2B)κ/p
wq(B)κ/p
·
(
1 +
2r
ρ(x0)
)θ
.
Moreover, notice that wq ∈ Aρ,θ
′· 1
1/q+1/p′
t with t = 1 + q/p
′ by Lemma 1.6,
and that
tθ′ · 1
1/q + 1/p′
=
(
1 + q/p′
)
θ′ · 1
1/q + 1/p′
= qθ′.
Thus, in view of the inequalities (3.2) and (1.7), we get
J1 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
·
(
1 +
2r
ρ(x0)
)(qθ′)·(κ/p)
·
(
1 +
2r
ρ(x0)
)θ
= C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
2r
ρ(x0)
)ϑ′
≤ C ·
(
1 +
r
ρ(x0)
)ϑ′
,
where ϑ′ := (qθ′κ)/p + θ. On the other hand, by the definition (1.10), we
can see that for any x ∈ B(x0, r),∣∣[b, Iα]f2(x)∣∣ ≤
∫
Rd
∣∣b(x)− b(y)∣∣∣∣Kα(x, y)f2(y)∣∣ dy.
Adding and subtracting bB inside the integral we write
∣∣[b, Iα]f2(x)∣∣ ≤ ∣∣b(x)− bB∣∣
∫
Rd
∣∣Kα(x, y)f2(y)∣∣ dy +
∫
Rd
∣∣b(y)− bB∣∣∣∣Kα(x, y)f2(y)∣∣ dy
:= ξ(x) + ζ(x).
(4.3)
So we can divide J2 into two parts:
J2 ≤
(
1
wq(B)κq/p
∫
B
∣∣ξ(x)∣∣qwq(x) dx)1/q + ( 1
wq(B)κq/p
∫
B
∣∣ζ(x)∣∣qwq(x) dx)1/q
:= J3 + J4.
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To deal with the term J3, since t = 1+q/p
′ < q, one has wq ∈ Aρ,∞t ⊂ Aρ,∞q .
From the pointwise estimate (3.5) and (4.1) in Lemma 4.1, it then follows
that
J3 ≤ C · 1
wq(B)κ/p
(∫
B
∣∣b(x)− bB∣∣qwq(x) dx
)1/q
×
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
|f(y)| dy
≤ Cb · w
q(B)1/q
wq(B)κ/p
(
1 +
r
ρ(x0)
)µ
×
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
|f(y)| dy.
Following along the same lines as that of Theorem 2.3, we are able to show
that
J3 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)µ(
1 +
r
ρ(x0)
)N · N0
N0+1
×
∞∑
k=1
wq(B)1/q−κ/p
wq(2k+1B)1/q−κ/p
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)µ+N · N0
N0+1
×
∞∑
k=1
( |B|
|2k+1B|
)δ(1/q−κ/p)(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′+η(1/q−κ/p)
.
The last inequality is obtained by using (1.9). Next we estimate ζ(x) for
any x ∈ B(x0, r). For any positive integer N , similar to the proof of (3.4)
and (3.5), we can also deduce that
ζ(x) =
∫
(2B)c
∣∣b(y)− bB∣∣∣∣Kα(x, y)f(y)∣∣dy
≤ CN
∫
(2B)c
∣∣b(y)− bB∣∣
(
1 +
|x− y|
ρ(x)
)−N
1
|x− y|d−α · |f(y)| dy
≤ CN,d
∞∑
k=1
∫
2k+1B\2kB
∣∣b(y)− bB∣∣
(
1 +
|x0 − y|
ρ(x)
)−N
1
|x0 − y|d−α · |f(y)| dy
≤ CN,d
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B\2kB
∣∣b(y)− bB∣∣
(
1 +
2kr
ρ(x)
)−N
|f(y)| dy
≤ C
∞∑
k=1
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣b(y)− bB∣∣
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
|f(y)| dy,
(4.4)
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where in the last inequality we have used (1.3) in Lemma 1.1. Hence, by
the above pointwise estimate for ζ(x),
J4 ≤ C · wq(B)(1/q−κ/p)
∞∑
k=1
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
× 1|2k+1B|1−(α/d)
∫
2k+1B
∣∣b(y)− bB∣∣∣∣f(y)∣∣dy.
(4.5)
Let us consider each term in the sum of (4.5) separately. For each integer
k ≥ 1,
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣b(y)− bB∣∣∣∣f(y)∣∣dy
≤ 1|2k+1B|1−(α/d)
∫
2k+1B
∣∣b(y)− b2k+1B∣∣∣∣f(y)∣∣dy
+
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣b2k+1B − bB∣∣∣∣f(y)∣∣dy.(4.6)
By using Ho¨lder’s inequality, the first term of the expression (4.6) is bounded
by
1
|2k+1B|1−(α/d)
(∫
2k+1B
∣∣f(y)∣∣pwp(y) dy)1/p(∫
2k+1B
∣∣b(y)− b2k+1B∣∣p′w(y)−p′ dy
)1/p′
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(2k+1B)κ/p
|2k+1B|1−(α/d)
(
1 +
2k+1r
ρ(x0)
)θ (∫
2k+1B
∣∣b(y)− b2k+1B∣∣p′w(y)−p′ dy
)1/p′
.
Since w ∈ Aρ,θ′p,q with 0 < θ′ < ∞ and 1 < p < q < ∞, then by Lemma 1.6,
we know that w−p
′ ∈ Aρ,θ
′· 1
1/q+1/p′
t′ with t
′ = 1+ p′/q. If we denote v = w−p
′
,
then v ∈ Aρ,θ
′· 1
1/q+1/p′
t′ ⊂ Aρ,∞p′ because t′ = 1 + p′/q < p′. This fact together
with Lemma 4.1 implies(∫
2k+1B
∣∣b(y)− b2k+1B∣∣p′v(y) dy
)1/p′
≤ Cb · v
(
2k+1B
)1/p′ (
1 +
2k+1r
ρ(x0)
)µ
= Cb ·
(∫
2k+1B
w(y)−p
′
dy
)1/p′ (
1 +
2k+1r
ρ(x0)
)µ
≤ Cb,w · |2
k+1B|1−(α/d)
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ′ (
1 +
2k+1r
ρ(x0)
)µ
.
Therefore, the first term of the expression (4.6) can be bounded by a con-
stant times
wq(2k+1B)κ/p
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ+θ′+µ
.
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Since b ∈ BMOρ,θ′′(Rd) with 0 < θ′′ < ∞, then by Lemma 4.2, Ho¨lder’s
inequality and the Aρ,θ
′
p,q condition on w, the latter term of the expression
(4.6) can be estimated by
Cb(k + 1)
(
1 +
2k+1r
ρ(x0)
)θ′′
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣f(y)∣∣dy
≤Cb(k + 1)
(
1 +
2k+1r
ρ(x0)
)θ′′
1
|2k+1B|1−(α/d)
(∫
2k+1B
∣∣f(y)∣∣pwp(y) dy)1/p(∫
2k+1B
w(y)−p
′
dy
)1/p′
≤C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· (k + 1)w
q(2k+1B)κ/p
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ+θ′+θ′′
.
Consequently,
1
|2k+1B|1−(α/d)
∫
2k+1B
∣∣b(y)− bB∣∣∣∣f(y)∣∣dy
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· (k + 1)w
q(2k+1B)κ/p
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ+θ′+θ′′+µ
.(4.7)
Substituting the above inequality (4.7) into (4.5), we thus obtain
J4 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· wq(B)(1/q−κ/p)
∞∑
k=1
(k + 1)
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
× 1
wq(2k+1B)(1/q−κ/p)
(
1 +
2k+1r
ρ(x0)
)θ+θ′+θ′′+µ
= C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
×
∞∑
k=1
(k + 1)
wq(B)(1/q−κ/p)
wq(2k+1B)(1/q−κ/p)
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′+θ′′+µ
.
Note that wq ∈ Aρ,θ
′· 1
1/q+1/p′
t with t = 1+q/p
′. A further application of (1.9)
yields
J4 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
(k + 1)
( |B|
|2k+1B|
)δ(1/q−κ/p)
×
(
1 +
2k+1r
ρ(x0)
)η(1/q−κ/p)(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′+θ′′+µ
= C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=1
(k + 1)
( |B|
|2k+1B|
)δ(1/q−κ/p)
×
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′+θ′′+µ+η(1/q−κ/p)
.
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Hence, combining the above estimates for J3 and J4, we conclude that
J2 ≤ J3 + J4 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
r
ρ(x0)
)µ+N · N0
N0+1
×
∞∑
k=1
(k + 1)
( |B|
|2k+1B|
)δ(1/q−κ/p) (
1 +
2k+1r
ρ(x0)
)−N+θ+θ′+θ′′+µ+η(1/q−κ/p)
.
By choosing N large enough so that N > θ+ θ′+ θ′′+µ+ η(1/q − κ/p), we
thus have
J2 ≤ C
(
1 +
r
ρ(x0)
)µ+N · N0
N0+1
∞∑
k=1
(k + 1)
( |B|
|2k+1B|
)δ(1/q−κ/p)
≤ C
(
1 +
r
ρ(x0)
)µ+N · N0
N0+1
,
where the last series is convergent since 0 < κ < p/q. Finally, collecting the
above estimates for J1, J2, and letting ϑ = max
{
ϑ′, µ+N · N0
N0+1
}
, we obtain
the desired inequality (4.2). The proof of Theorem 2.5 is finished. 
The higher order commutators generated by BMOρ,∞(R
d) functions b
and the fractional integrals Iα are usually defined by
[b, Iα]mf(x) :=
∫
Rn
[
b(x)− b(y)]mKα(x, y)f(y) dy, x ∈ Rd;
0 < α < d, m = 1, 2, 3, . . . .
Obviously, [b, Iα]1 = [b, Iα] which is just the linear commutator (1.10), and
[b, Iα]m =
[
b, [b, Iα]m−1
]
, m = 2, 3, . . . .
By induction on m, we are able to show that the conclusion of Theorem
2.5 also holds for the higher order commutators [b, Iα]m with m ≥ 2. The
details are omitted here.
Theorem 4.3. Let 0 < α < d, 1 < p < d/α, 1/q = 1/p − α/d and
w ∈ Aρ,∞p,q . If V ∈ RHs with s ≥ d/2 and 0 < κ < p/q, then for any
positive integer m ≥ 2, the higher order commutators [b, Iα]m are bounded
from Lp,κρ,∞(w
p, wq) into Lq,(κq)/p(wq), whenever b ∈ BMOρ,∞(Rd).
5. Proof of Theorem 2.6
The following lemma plays a key role in the proof of our main theorem,
which can be found in [5, Proposition 8] (see also [16, Lemma 3.7]).
Lemma 5.1 ([5]). Let V ∈ RHs with s ≥ d/2 and 0 < α < d. For every
positive integer N ≥ 1, there exists a positive constant CN > 0
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for all x and y in Rd, and for some fixed 0 < ε ≤ 1,∣∣Kα(x, z)−Kα(y, z)∣∣ ≤ CN
(
1 +
|x− z|
ρ(x)
)−N |x− y|ε
|x− z|d−α+ε ,
whenever |x− y| ≤ |x− z|/2.
Proof of Theorem 2.6. For an arbitrary ball B = B(x0, r) in R
d and 0 <
α < d, it suffices to prove that the following inequality
(5.1)
1
|B|
∫
B
∣∣Iαf(x)− (Iαf)B∣∣ dx ≤ C ·
(
1 +
r
ρ(x0)
)ϑ
holds for any f ∈ Lp,κρ,∞(wp, wq) with 1 < p < q < ∞ and κ = p/q, where
(Iαf)B denotes the average of Iαf over B. Suppose that f ∈ Lp,κρ,θ(wp, wq)
for some θ > 0 and w ∈ Aρ,θ′p,q for some θ′ > 0. Decompose the function f
as f = f1 + f2, where f1 = f · χ4B, f2 = f · χ(4B)c , 4B = B(x0, 4r). By the
linearity of the L-fractional integral operator Iα, the left-hand side of (5.1)
can be divided into two parts. That is,
1
|B|
∫
B
∣∣Iαf(x)− (Iαf)B∣∣ dx
≤ 1|B|
∫
B
∣∣Iαf1(x)− (Iαf1)B∣∣ dx+ 1|B|
∫
B
∣∣Iαf2(x)− (Iαf2)B∣∣ dx
:= K1 +K2.
First let us consider the termK1. Applying the weighted (L
p, Lq)-boundedness
of Iα (see Theorem 1.7) and Ho¨lder’s inequality, we obtain
K1 ≤ 2|B|
∫
B
|Iαf1(x)| dx
≤ 2|B|
(∫
B
|Iαf1(x)|qwq(x) dx
)1/q(∫
B
w(x)−q
′
dx
)1/q′
≤ C|B|
(∫
4B
|f(x)|pwp(x) dx
)1/p(∫
B
w(x)−q
′
dx
)1/q′
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(4B)κ/p
|B|
(∫
B
w(x)−q
′
dx
)1/q′ (
1 +
4r
ρ(x0)
)θ
.
Since q′ < p′, by Ho¨lder’s inequality, it is easy to check that(
1
|B|
∫
B
w(x)−q
′
dx
)1/q′
≤
(
1
|B|
∫
B
w(x)−p
′
dx
)1/p′
.
Moreover, since w is a weight in the class Aρ,θ
′
p,q , one has(
1
|B|
∫
B
w(x)q dx
)1/q (
1
|B|
∫
B
w(x)−q
′
dx
)1/q′
≤
(
1
|B|
∫
B
w(x)q dx
)1/q(
1
|B|
∫
B
w(x)−p
′
dx
)1/p′
≤ C ·
(
1 +
r
ρ(x0)
)θ′
,
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which implies
(5.2)
(∫
B
w(x)−q
′
dx
)1/q′
≤ C ·
(
1 +
r
ρ(x0)
)θ′ |B|
wq(B)1/q
.
Also observe that wq ∈ Aρ,θ
′· 1
1/q+1/p′
t with t = 1+q/p
′. Using the inequalities
(3.2) and (5.2), and noting the fact that κ = p/q, we have
K1 ≤ C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
· w
q(4B)1/q
wq(B)1/q
(
1 +
4r
ρ(x0)
)θ (
1 +
r
ρ(x0)
)θ′
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
(
1 +
4r
ρ(x0)
)2θ′ (
1 +
4r
ρ(x0)
)θ (
1 +
r
ρ(x0)
)θ′
≤ C ·
(
1 +
r
ρ(x0)
)ϑ′
,
where ϑ′ := 3θ′ + θ. Now we turn to estimate K2. For any x ∈ B(x0, r),
∣∣Iαf2(x)− (Iαf2)B∣∣ =
∣∣∣∣ 1|B|
∫
B
[Iαf2(x)− Iαf2(y)] dy
∣∣∣∣
=
∣∣∣∣ 1|B|
∫
B
{∫
(4B)c
[
Kα(x, z)−Kα(y, z)
]
f(z) dz
}
dy
∣∣∣∣
≤ 1|B|
∫
B
{∫
(4B)c
∣∣Kα(x, z)−Kα(y, z)∣∣ · |f(z)| dz
}
dy.
Next note that by a purely geometric argument, one has
|x− y| ≤ |x− z|/2 & |x− z| ≈ |x0 − z|,
whenever x, y ∈ B and z ∈ (4B)c. This fact along with Lemma 5.1 yields
∣∣Iαf2(x)− (Iαf2)B∣∣ ≤ CN|B|
∫
B
{∫
(4B)c
(
1 +
|x− z|
ρ(x)
)−N |x− y|ε
|x− z|d−α+ε · |f(z)| dz
}
dy
≤ CN,d
∫
(4B)c
(
1 +
|x0 − z|
ρ(x)
)−N
rε
|x0 − z|d−α+ε · |f(z)| dz
= CN,d
∞∑
k=2
∫
2k+1B\2kB
(
1 +
|x0 − z|
ρ(x)
)−N
rε
|x0 − z|d−α+ε · |f(z)| dz
≤ CN,d
∞∑
k=2
1
2kε
· 1|2k+1B|1−(α/d)
∫
2k+1B\2kB
(
1 +
2kr
ρ(x)
)−N
|f(z)| dz.(5.3)
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Furthermore, by using Ho¨lder’s inequality, (1.3) and Aρ,θ
′
p,q condition on w,
we get that for any x ∈ B(x0, r),
∣∣Iαf2(x)− (Iαf2)B∣∣ ≤ C ∞∑
k=2
1
2kε
· 1|2k+1B|1−(α/d)
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
×
(∫
2k+1B
∣∣f(z)∣∣pwp(z) dz)1/p(∫
2k+1B
w(z)−p
′
dz
)1/p′
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
∞∑
k=2
1
2kε
·
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N
× w
q(2k+1B)κ/p
wq(2k+1B)1/q
(
1 +
2k+1r
ρ(x0)
)θ (
1 +
2k+1r
ρ(x0)
)θ′
= C
∥∥f∥∥
Lp,κρ,θ (w
p,wq)
∞∑
k=2
1
2kε
·
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′
,
(5.4)
where the last equality is due to the assumption κ = p/q. From the point-
wise estimate (5.4), it readily follows that
K2 =
1
|B|
∫
B
∣∣Iαf2(x)− (Iαf2)B∣∣ dx
≤ C∥∥f∥∥
Lp,κρ,θ (w
p,wq)
∞∑
k=2
1
2kε
·
(
1 +
r
ρ(x0)
)N · N0
N0+1
(
1 +
2k+1r
ρ(x0)
)−N+θ+θ′
.
Now N can be chosen sufficiently large so that N > θ + θ′, and hence the
above series is convergent. Therefore,
K2 ≤ C
(
1 +
r
ρ(x0)
)N · N0
N0+1
∞∑
k=2
1
2kε
≤ C
(
1 +
r
ρ(x0)
)N · N0
N0+1
.
Fix this N and set ϑ = max
{
ϑ′, N · N0
N0+1
}
. Finally, combining the above
estimates for K1 and K2, the inequality (5.1) is proved and then the proof
of Theorem 2.6 is finished. 
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